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We present two quantum-state sharing protocols where the channels are not maximally entangled states. By
properly choosing the measurement basis it is possible to achieve unity fidelity transfer of the state if the
parties collaborate. We also show that contrary to the protocols where we have maximally entangled channels
these protocols are probabilistic. We then compare the efficiency of both protocols and sketch the generaliza-
tion of the protocols to N parties.
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One of the most useful tools in quantum communication
is the ability of a sender Alice to transfer a quantum state
qubit to a specific receiver Bob or Charlie if both Bob and
Charlie collaborate to recover the state 1–6. The important
feature of such a scheme is that at the end of the protocol the
information contained in the transferred state is completely
available to only one of the parties and Alice is free to
choose whether Bob or Charlie will be the receiver. This
controlled transmission of a quantum state was called
quantum-state sharing QSTS by Lance et al. 4 to differ-
entiate from the controlled sharing of classical information
via quantum channels, i.e., quantum secret sharing QSS
1,7,8.
Many quantum information tasks require a secure trans-
mission of quantum states. One example, as noted in Ref.
4, is quantum information networks 9, which are built of
nodes in which quantum states are created, manipulated, and
stored. These nodes are connected by quantum channels and
QSTS could be employed to avoid errors and eavesdropping
during the transmission of a state between nodes 2,4.
All the QSTS protocols to date are based on maximally
bipartite or multipartite entangled states. In Refs. 3,6 the
quantum channels are Bell states, −= 1/201+ 10
for example, and in Refs. 1,5 we have Greenberger-Horne-
Zeilinger GHZ states, i.e., GHZ= 1/2000+ 111.
In a realistic situation, however, decoherence and noise
degrade the channel and we do not have a maximally en-
tangled state anymore. One way out of this problem is to
employ quantum distillation protocols 10, which allow us
to obtain a maximally entangled state from a large ensemble
of partially entangled states.
Even though quantum distillation is useful to increase the
entanglement of a quantum channel it is useless if we do not
have an ensemble of partially entangled states. In addition to
this, we should note that quantum distillation only achieves a
maximally entangled state asymptotically. Thus, for finite
runs of the distillation protocol we always obtain an almost
maximally entangled state.
In view of that we are led to ask if it is possible to imple-
ment QSTS using partially entangled states from the start.
In this contribution we show that it is indeed possible to
construct such protocols. Furthermore, the shared quantum
state reaches its destination with unity fidelity. The price we
pay to achieve unity fidelity is that the protocol is no more
deterministic.
Inspired by the probabilistic quantum teleportation proto-
col of Agrawal and Pati 11 we present two QSTS protocols.
The first one uses nonmaximally entangled GHZ states as
the channel and it is a generalization of the QSTS protocol
presented in Ref. 1. The second one uses nonmaximally
entangled Bell states as the channel and it is based on the
protocol presented in Ref. 3. We then relax the requirement
of unity fidelity and employing the techniques developed
in Ref. 12 we compare and discuss the efficiency of both
protocols.
Let us assume Alice wants to transfer to Bob or Charlie
the state =0+1, with  and  complex and
2+ 2=1. The first probabilistic QSTS protocol can be
constructed as follows. Alice shares with Bob and Charlie
the state GHZn=N000+n111, where n can be complex
and N=1/1+ n2. The first qubit belongs to Alice, the sec-
ond one to Bob, and the last one to Charlie. Note that here
we allow n to be any complex number and only for n=1 we
recover the Hillery et al. channel. The initial state can be
written as
 = A  GHZnABC. 1
The subindices are written to highlight which qubit is with
Alice A, Bob B, and Charlie C. If we define the gener-
alized Bell basis 11,12
m
+  = M00 + m11 , 2
m
−  = Mm*00 − 11 , 3
m
+  = M01 + m10 , 4
m
−  = Mm*01 − 10 , 5
where M =1/1+ m2 we introduce, as will become clear
soon, a free parameter m in the protocol. It is a proper
manipulation of this parameter which makes the protocol
work. Using Eqs. 2–5 we can express Eq. 1 as*Electronic address: rigolin@ifi.unicamp.br
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 = NMm
+ 00 + m*n11 + m
− m00 − n11
+ m
+ n11 + m*00 + m
− mn11 − 00 .
6
Up to this point we have just rewritten Eq. 1 in a
convenient form. The protocol begins when Alice imple-
ments a generalized Bell measurement BM which is de-
fined to be a projective measurement onto one of the four
generalized Bell states, i.e., Eqs. 2–5. See Fig. 1 for a
pictorial representation of BM as well as of the whole pro-
tocol.
For concreteness, let us assume Alice wants Charlie to
receive the state. The protocol is symmetric up to this step
and she can as well choose Bob to receive the state. There-
fore, after measuring her two qubits she tells Bob to imple-
ment on his qubit an X-measurement XM which is a pro-
jective measurement on the basis X±= 1/20± 1.
Alice and Bob then tell Charlie their measurement outcomes.
Depending on Alice’s and Bob’s results Charlie implements
a specific unitary operation, which are all listed in Table I,
recovering Alice’s state. If Charlie does not learn from Bob
the outcome of the X-measurement his qubit will be left in a
mixed state for without that information Charlie cannot
know the phase of Alice’s qubit 1.
Looking at Table I we see that Alice can achieve a unity
fidelity protocol by properly adjusting her measurement basis
parameter m. For example, if she chooses m*=1/n the pro-
tocol works when her generalized BM gives m
+ . There
exist three other possibilities: for m=n the protocol succeeds
when Alice’s outcome is m
− , for m*=n when she obtains
m
+ , and for m=1/n when she measures m
− . An interest-
ing situation occurs when n is real 13. Now, for m=n the
protocol works either if Alice measures m
−  or m
+ . Fi-
nally, for m=1/n the protocol works if Alice obtains either
m
+  or m
− .
We now turn our attention to the second QSTS protocol
which is schematically represented in Fig. 2.
The main characteristic of the present protocol is its chan-
nels: two nonmaximally entangled Bell states. The initial
state are composed of five qubits. The first one, which is
described by the state that will be transferred to Bob or Char-
lie, the second, and the fourth belong to Alice. The third and
fifth qubits are with Bob and Charlie, respectively. The initial
state then reads
 = A  n1
+ AB  n2
+ AC, 7
where subscripts were added to explicitly indicate which
qubits are with Alice, Bob, and Charlie. We now define the
generalized GHZ basis as follows:
GHZm
+  = M000 + m111 , 8
GHZm
−  = Mm*000 − 111 , 9
FIG. 1. a Alice makes a generalized Bell measurement BM
and informs Bob and Charlie of the result 2 bits. b Bob makes
an X-measurement XM and tells Charlie 1 bit, who applies a
proper unitary operation U on his qubit conditioned on Alice’s and
Bob’s measurement outcomes.
TABLE I. The first column gives Alice’s and Bob’s outcomes,
the second one Charlie’s unitary operation UO, and the third Char-
lie’s qubit unnormalized at the end of the protocol. I is the identity
and  Pauli matrices.
BM and XM results Charlie’s UO Charlie’s qubit
m
+ X+ or m
+ X− I or z 0+m*n1
m
− X+ or m
− X− z or I m0+n1
m
+ X+ or m
+ X− x or xz n0+m*1
m
− X+ or m
− X− zx or x mn0+1
FIG. 2. a Alice makes a generalized GHZ measurement GHZ
M and informs Bob and Charlie 3 bits of the result. b Bob
makes an X-measurement XM and tells Charlie 1 bit, who ap-
plies a proper unitary operation U on his qubit conditioned on
Alice’s and Bob’s measurement outcomes.
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Gm
+  = M010 + m101 , 10
Gm
−  = Mm*010 − 101 , 11
Hm
+  = M100 + m011 , 12
Hm
−  = Mm*100 − 011 , 13
Zm
+  = M110 + m001 , 14
Zm
−  = Mm*110 − 001 . 15
Defining Nj =1/1+ nj2 and using Eqs. 8–15 we can re-
write the initial state 7 as
 = N1N2MGHZ+00 + m*n1n211
+ GHZ−m00 − n1n211 + Z+m*n201
+ n110 + Z−− n201 + mn110
+ G+n110 + m*n201 + G−mn110
− n201 + H+m*n1n211 + 00
+ H−− n1n211 + m00 . 16
Note that in Eq. 16 we have rearranged the qubits in order
that Alice’s qubits are the first, the second, and the third ones
and Bob’s and Charlie’s are, respectively, the fourth and fifth
ones. The protocol begins by Alice implementing a general-
ized GHZ measurement GHZ M in the sense that she
projects her three qubits on one of the generalized GHZ
states. Assuming she wants Charlie to receive the state if he
collaborates with Bob, Alice tells Bob to implement an
X-measurement on his qubit. After that both Alice and Bob
inform Charlie of their measurement outcomes who ends the
protocol performing a unitary operation on his qubit depend-
ing on the information he receives. For example, if Alice
measures H− and Bob obtains X+ Charlie will need to
implement xz on his qubit. Table II shows the final state
with Charlie after he has applied the proper unitary operation
on his qubit. If Bob does not tell Charlie his X-measurement
result Charlie’s qubit is left in a mixed state since he has no
information concerning the phase of Alice’s qubit 3.
This time we have three parameters to play with. In gen-
eral we have no control over the channel entanglement.
However, the measuring basis parameter m can be freely
manipulated by Alice. By proper adjusting it we can achieve
a unity fidelity protocol. There exist four possibilities. Look-
ing at Table II we see that for m=n1n2 the protocol works
when Alice obtains either GHZm
−  or Hm
− . However, when
m*=1/ n1n2 we have a successful run of the protocol if
Alice measures either GHZm
+  or Hm
+ . On the other hand, if
m*=n1 /n2 a unity fidelity transmission is achieved for Zm
+ 
or Gm
+ . Finally, for Zm
−  and Gm
−  the measurement basis
parameter must be set to m=n2 /n1. It is worth mentioning
that only if n1=n2=m=1 we recover the protocol presented
by Li et al. 3.
The security of both protocols against eavesdropping and
cheating can be shown by the same methods presented in
Refs. 1,3. Actually, for the successful instances of the pro-
tocols, i.e., those which Alice has correctly adjusted her free
parameter m, the same security tests developed for the deter-
ministic protocols 1,3 apply. As a matter of fact, it is Al-
ice’s ability to choose whether Bob or Charlie will receive
the transferred state which prevents cheating by one of the
parties. If she thinks one of the parties is the dishonest one,
she can choose the other one to be the receiver and by com-
paring a subset of the states received by the latter with the
states transmitted Alice can detect if the former is cheating
1.
We now compare the efficiency of both protocols employ-
ing the techniques developed in Ref. 12. We assume that
any inefficiency of the generalized BM and GHZ M is in-
cluded in the following analysis by rescaling the parameter
m. Furthermore, from now on n, m, n1, and n2 are all real
numbers since it can be shown that we do not lose in gener-
ality by such assumption 12. Each projective measurement
implemented by Alice yields the state RjA with probability
Pj, where RjA stands for any state Alice can measure. For
each one of Alice’s and Bob’s measurement outcomes and
after implementing the proper unitary operation Charlie ends
up with the state  jC. Therefore, if A is the state Alice
wanted to transfer the fidelity for this run of the protocol is
Fj = A  jC
2. In general the probabilities Pj and the fideli-
ties Fj depend on  and . Moreover, Alice can change the
values of  and  of the transferred state at will for each run
of the protocol. Therefore, in order to get - and
-independent results we average over many implementa-
tions of the protocol obtaining the protocol efficiency 12:
Cpro=	 jPjFj. In the averaging process we will need the
quantities 2, 4, 2, 4, and 2. In Ref. 12
they were shown to be 2= 2=1/2, 4= 4
=1/3, and 2=1/6. We can interpret Cpro as the average
qubit transmission rate for a given protocol choice 12.
Assuming RjA= 
m
+  , m
−  , m
+  , m






1 + 2mn1 + m21 + n2 = 231 + cmcn2  ,
17
where cm=2m / 1+ m2 is the concurrence 14
of the generalized Bell states 12. For the second
TABLE II. The first column gives Alice’s and Bob’s outcomes
and the second one Charlie’s qubit unnormalized at the end of the
protocol.
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protocolwe have the following acceptable results
RjA= 
GHZm
±  , Gm
±  , Hm
±  , Zm
















If we compare Eqs. 17 and 18 remembering that 0
cn1 we obtain C1
pro	C2
pro whenever n=n1 or n=n2.
Therefore, for the same set of parameters the first protocol is
more efficient than the second one. We should mention that a
more complete efficiency analysis should also take account
of the feasibility of generating one GHZ state against two
Bell states, which are the channels of the first and second
protocols, respectively.
Equations 17 and 18 also furnish other interesting in-
formation concerning each protocol. For example, for both
schemes we see that the protocol efficiency Cpro is invariant
under the permutation of the parameters, m and n for the first
QSTS protocol and m, n1, and n2 for the second one. In other
words, if we interchange the degree of entanglement of a
channel n, n1, or n2 with the measurement basis entangle-
ment degree m Cpro is left unchanged. This same result is
also obtained for the generalized teleportation protocol 12.
In a certain sense all these results suggest that the entangle-
ment of the channel and the entanglement of the measuring
basis are on equal footing in the determination of the proto-
col efficiency. Moreover, both C1
pro and C2
pro increase either if
we increase the degree of entanglement of the channel
n, n1, or n2 or the measuring basis entanglement m, an
expected result since by increasing the quantum resource
entanglement available we should improve the efficiency of
the protocols. And only when m=n=1 or m=n1=n2=1 we
achieve unity efficiency and recover the protocols presented
by Hillery et al. 1 and Li et al. 3. Furthermore, the de-
pendency of the efficiency on the entanglement resource en-
ables one to compare the two protocols and the channels
used. This can be quantified by evaluating cn and
cn1cn2 which may lead to a new way of comparing mul-
tipartite entanglement with pairwise entanglement.
Alice can easily extend at least theoretically the previ-
ous protocols to transfer her qubit to a specific party among
N−1 parties. For the first protocol she needs to share with
the parties a N-qubit GHZ state, GHZN= 1/20N
+ 1N, as the channel. She then implements a generalized
BM and asks all the parties but the one chosen to receive
the state to make an X-measurement on their qubits. Then, if
the chosen party receives the results of the N−2
X-measurements and Alice’s outcome he can recover the
state by applying proper unitary operations on his qubit. For
the second protocol, Alice needs to share N−1 Bell states,
each one with each party. Then she implements a generalized
GHZ M on her N qubits: the one to be transferred and
the N−1 from the Bell states. The rest of the protocol
works as the previous one: all but the chosen party make
X-measurements on their qubits and the receiver obtains the
transferred state by applying a unitary operation on his qubit
conditioned on the information received from Alice and the
other N−2 parties.
We end this contribution noting that in general decoher-
ence and noise degrade the entanglement of the channel in a
rather complicated way. Most of the time an initially pure
state or equivalently pure channel evolves nonunitary to a
mixed state. Here, however, we restricted ourselves to a
“unitary loss” of entanglement, in which a maximally en-
tangled pure channel evolves to a partially entangled one
1
2 00 + 11 →
1
1 + n2 00 + n11 .
Note that the bit flip noise 0→ 1 is also a unitary noise,
although it does not change the entanglement of the channel.
Charlie can easily overcome it, and obtain the states shown
in Tables I and II, by implementing a proper unitary opera-
tion on his qubit at the end of the protocol.
In order to attack a nonunitary loss of entanglement,
where a pure channel evolves to a mixed channel, a more
subtle and sophisticated approach is needed. The present
treatment will be extended elsewhere to include this more
realistic scenario in a concise and general way.
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